Abstract: We present here results on the fine structure of the static qq potential in d = 4 SU (3) Yang-Mills theory. The potential is obtained from Polyakov loop correlators having separations between 0.3 and 1.2 fermi. Measurements were carried out on lattices of spatial extents of about 4 and 5.4 fermi. The temporal extent was 5.4 fermi in both cases. The results are analyzed in terms of the force between a qq pair as well as in terms of a scaled second derivative of the potential. The data is accurate enough to distinguish between different effective string models and it seems to favour the expression for ground state energy of a Nambu-Goto string.
Introduction
The string picture of hadrons, originally introduced by Nambu, Nielsen and Susskind [1, 2, 3] , has a long history starting from the dual resonance models in the 1960's. The main motivations for introducing string theory were the experimental observation that resonances with the same internal quantum numbers had their mass 2 ∝ angular momenta in the case of bosons, and mass ∝ angular momenta in the case of fermions. The high energy behaviour of the scattering amplitude of hadrons was the other factor that inspired the string models of hadrons. Both these features could be explained by string models [4] .
This early string picture of hadrons ran into a series of difficulties. Among other things, consistency with quantum mechanics and relativity required the space-time dimension to be 26 [4] . Around the same time, Quantum Chromodynamics, a non-abelian gauge theory, was proposed as a theory of strong interactions and therefore as the underlying theory of hadrons [5] .
Subsequently Nambu made connections between gauge and string theories [6] by studying infinitesimal variations of the path-dependent non-Abelian phase factor P exp(i σ A µ dx µ ). He showed that they satisfied differential equations which were formally equivalent to those for a quantized string if the gauge fields met certain constraints.
Functional-integration quantization of string models respecting reparametrization invariance to one loop order was studied by Lüscher, Symanzik and Weisz [7] 1 . In that paper they calculated, within a WKB approximation, the leading correction to a general (large) Wilson loop expectation value due to quantum fluctuations. In the special geometry of a rectangle in a space-time (Euclidean) plane, this calculation yielded a universal long distance 1/r term in the quark-antiquark potential quite distinct from the short distance 1/r coulomb term which is not universal and depends explicitly on the quark representation. This is known as the Lüscher term and has the value −π(d − 2)/24r where d is the number of space time dimensions. Later Lüscher [9] showed that in an effective string description of gauge theories with parameters depending in principle on the gauge group, the long distance 1/r term is the same as above and does not depend on the parameters of the effective string description.
Alvarez [10] studied the static potential in the Nambu-Goto and Eguchi class of string models to leading order in 1/d expansion. He found the static potential to be given by
, where r c = π(d − 2)/(12σ) is a critical distance. Next Dietz and Filk [11] looked at the renormalization of Nambu-Goto, Schild and Eguchi type of models with only the transverse degrees of freedom. They computed the one and two loop corrections to the staticpotential for a variety of boundary conditions. The one loop calculation for Dirichlet boundary condition gave the Lüscher term as the universal correction in all cases studied by them. For the 1/r 3 (two loop) they reproduced the Alvarez result for the Nambu-Goto case, but for the other two cases their scheme gave different answers. Their scheme does not address the important issue of Lorentz invariance in target space and the consistency in all dimensions.
Arvis [12] carried out the covariant quantization of the Nambu-Goto theory with Dirichlet boundary conditions. He derived the exact spectrum of the theory. The staticpotential is given by the ground state energy. The form of the potential obtained by Arvis was fully consistent with Alvarez's result. Arvis explicitly demonstrated the lack of rotational invariance when d = 26. Thus his main results (for α 0 = 1) were :
where E/σπ = p 0 with E the energy of the string, and L 1i the rotation generators in the (1, i) plane. The fact that the lack of rotational invariance occurs only at 1/r 2 order perhaps explains why the universal Lüscher term can be taken seriously without worrying about this issue. If the spectrum of the theory is to be determined at order 1/r 3 or higher, the theory can only be consistent if the anomaly is really absent. Arvis also pointed out that the potential of eqn(1.1) turning complex at r = r c was due the tachyons present in the spectrum. Olesen [13] observed that the coefficient of the large distance 1/r term in the static potential is determined by the tachyonic content of the underlying string model. According to him, for free bosonic string one should have the result −(d − 2)π/24r, for a free NeveuSchwarz string −(d−2)π/16r and no such term for the free Ramond string (and other strings without tachyons). In a numerical study, Lucini and Teper [14] found this coefficient to be compatible with bosonic strings and incompatible with the other kinds of strings.
All these works did not address the issue of reconciling the inconsistency of fundamental string theories in other than the critical dimensions with the expected consistency of effective string descriptions of gauge theories in all dimensions where gauge theories are well formulated.
An important step in this direction was taken by Polchinski and Strominger [15] who gave such a formulation. The price one had to pay was that the actions were necessarily non-polynomial (and perhaps non-renormalizable), but viewed as an effective description of fluctuations around a long string state they were perfectly sensible. Again the 1/r term was found to be the same as the Lüscher term. These authors had surmised that, much like effective descriptions, there would be many free parameters that would have to be 'phenomenologically' fixed. A surprise is the demonstration [16, 17, 18] that the 1/r 3 term in the static potential for all these effective theories is the same as that of the Arvis potential suitably expanded.
In the eighties several numerical works were carried out. Ambjorn et. al. [19] claimed to find the Lüscher term in d = 3 SU (2) lattice gauge theory but precise data on large Wilson loops or Polyakov loop correlators which is absolutely necessary to make a more elaborate identification of the effective string theory did not exist at that time.
In recent times, significant progress has been made due to increase in computing power as well as improvement in algorithms. Utilizing the duality between 3d Z 2 gauge theory and 3d Ising model, Caselle et.al. [20] have performed very high precision simulations to confirm the presence of string like fluctuations in gauge theories. A major breakthrough was achieved by Lüscher and Weisz with their exponential variance reduction algorithm [21] . This algorithm allowed for the first time to probe the sub-leading terms of thepotential with some confidence. Lüscher and Weisz used it to measure c(r) directly for SU (3) lattice gauge theory in both 3 and 3+1 dimensions. Since then measurements have been done for 3d SU (2) gauge theories at both zero [22, 23] and finite temperatures [24] . An alternative way of measuring c(r) has been developed by Juge et.al. [25] in which they compute the lattice derivative of the ground state energy of the string obtained from ratios of Wilson loops.
Related to the effective string descriptions is the issue of the spectrum of string excitations. Recently analytical studies, based only on symmetry principles have been carried out in [26, 27] . Extensive numerical studies have been carried out by Juge et. al [28] as well as by Majumdar [22, 23] . We do not discuss this topic here. One can refer to the review article by Kuti [29] for more details.
In this article we present results of our simulations of the Polyakov loop correlators for d = 4 SU (3) Yang-Mills theory and compare the resulting static potential with both two loop perturbation theory and string model predictions. A preliminary report of this simulation was presented in [30] 2. c(r) at short and long distances It turns out to be very useful to study the scaled second derivative of the potential c(r) = r 3 V ′′ (r) instead of the potential itself. This is because c(r) filters out the large and essentially irrelevant (as far as detailed comparisons with string models) linearly rising part σr. It also gives a constant value of
if the only modification to the linear term is the Lüscher term.
In this article we look at c(r) at intermediate distances from slightly below 0.5 fermi to about 1.2 fermi on a 32 4 lattice at β = 5.7. It is therefore interesting to compare the values we obtain with the analytical values from perturbation theory at short distances and also from the string picture. With that in mind we briefly outline what is to be expected at the two ends of the distance scale in this section.
c(r) from 2-loop perturbation theory
Here we briefly outline the computation of c(r) at short distances from perturbation theory. As has been noted in [31] c(r) can be interpreted as a running coupling in the appropriate scheme. However here we choose to compute it in a scheme where the force is interpreted as the running coupling; this seems to be quite commonly used. We start from eqn. (1) in [32] . Adopting the same notation, we have
Thus by our definition
Next from eqn. (42) in [33] , we have
where
Using µ = 1/r, we easily get
.
Putting things together we obtain
From eqns. (7), (6) and (8) in [32] , we have, where r 0 is the Sommer scale.
From Table 1 in [32] we obtain c 0 to be
where γ = 0.57722 is the Euler constant. For N f = 0, the constants β 0 = 1 (4π) 2 11 and β 1 = 1 (4π) 4 102 are known. Truncating the relation between α(µ) and α MS (µ) at c 0 , one gets for c(r) 
Another method
The perturbative treatment above needs as input the parameter Λ MS from outside. This can be circumvented by using the measured value of the force on the lattice at some r = r 1 as long as the coupling there is perturbatively treatable. This makes it a self-contained lattice calculation. Integrating the two loop beta function one gets
this can be solved iteratively to yield (to leading order)
In our simulations the distance at which the measured value of F L (r 1 ) is 0.2152 is at r 1 = 2.27 when distances are fixed by the Green's function method. This gives α F (r 1 ) ≃ 0.85. This is still smaller than the coupling
where two loop perturbation is naively expected to break down. But changing the estimate of r by even 0.25a changes the coupling to ≃ 0.65 which is much closer to the value one obtains from continuum perturbation theory. Thus our lattice is still too coarse to use this method.
c(r) from string models
At the other end of the length scale one expects a string like behaviour and therefore before going on to our results we briefly outline some string actions and their ground state energies when their end-points are held fixed.
The simplest action is that of the free bosonic string and it is given by
where the coefficient σ is known as the string tension. It should be noted that in this 'covariant' form such an action can not be obtained in any reparametrization invariant scheme. However one could consider such a form in the 'physical gauge' where only the transverse degrees of freedom X ⊥ make an appearance with
If treated according to Dietz and Filk this action yields the potential 16) whereV is a constant independent of r. On the other hand an action of the form eqn(2.14) treated along with suitable constraints leads to the same spectrum as the Nambu-Goto theory as can be seen from [15] . Both of these are inconsistent for d = 26. Using our definition of c(r) we obtain in this case
The other case of interest is the Nambu-Goto string whose action is given by
where g is the induced metric on the string world sheet. As we have mentioned before (see eqn.(1.1)), the potential in this case was first given by Arvis [12] to be
So c(r) in this case is given by
It should be noted that it becomes purely imaginary for r < r c where r c = (d−2)π 12σ , which is around 0.3 fermi. This corresponds to the tachyon instability of the Nambu-Goto string. It is curious that perturbative calculations also break down at about the same distance.
The final form of the potential that we are interested in is the so called truncated Arvis potential which is obtained by expanding the Arvis potential in a power series and retaining the first three terms: [21] . This algorithm has several optimization parameters and the most important among them seems to be the number of "measurements" used to compute the intermediate expectation values. We will refer to this number henceforth as "iupd". Another parameter is the thickness of the time slice. For our case a thickness of two was optimal.
It is also well known that improved observables can be constructed by replacing a bare link by its group average keeping the environment unchanged. This is known as multihit and we employ that too on the time-like links for the correlators. The group average is computed through the single-link integral defined by
For SU (3) the group average cannot be easily carried out analytically and is most often evaluated using a monte-carlo method. An alternative semi-analytic method for this averaging was proposed by de Forcrand and Roiesnel [34] . We have embedded this into the multilevel algorithm.
In figure 1 we provide a brief comparison of the two methods when used in conjunction with the multilevel scheme.
The errors were obtained after about three hours of running time for each value of iupd. The Monte-Carlo multihit was done by using 15 hits on each link as it appears to be the optimal number of hits required [34] . As can be clearly seen, the errors are lower for the semi-analytic method. Also one can see that the optimal number of sub-lattice updates vary for the different r values. While for Monte-Carlo multihit the optimal value for iupd occurs at the same place for both values for r, for the semi-analytic case they do not. To obtain maximum gain from the multilevel scheme, we tried to choose iupd close to the optimal values for our largest r. Another interesting observation is that the penalty paid for operating at non-optimal values of iupd seems to be higher for Monte-Carlo multihit as those curves seem to be significantly steeper than the semi-analytic curves. Of course while the actual values of the errors depend on the details of the simulation parameters, we assumed that the general trend is the same even for larger lattices and separations while choosing our parameters for the multilevel algorithm. We used the semianalytic method for the multihit and we estimate that this resulted in a 60% speedup of the code compared to using the monte-carlo method to reach similar levels of accuracy.
Simulation parameters
We have carried out simulations at β = 5.7 on both 24 3 × 32 and 32 4 lattices using the Wilson gauge action. The lattice spacing at this β is 0.17 fm so that the temporal extent of the lattice is 5.4 fm while the spatial box is (4 fm) 3 in one case and (5.4 fm) 3 in the other. Details about setting the scale is discussed in the next sub-section.
For separations r = 2 − 6 each measurement involved simulations on 24 3 × 32 lattices with iupd=12000 and 500 measurements were made in all. Errors were determined by jack-knife analysis. For the larger separations r = 5 − 9 simulations were done on 32 4 lattices with iupd=48000 and in all again about 500 measurements were obtained.
It was estimated in [31] that the computational effort grows like (σa 2 )(r/a) 4 with distance, we merely observe that while it took about two months to obtain the first three points, it took more than a year of running to obtain the last two points and that too with significantly larger errors. The reason for that is easy to see. While c(r) is a number ∼ 1, to obtain it, we have to multiply the double derivative by r 3 . Thus the double derivative itself gets proportionally smaller. That is why it is so difficult to estimate reliably for larger r values.
Here it may not be out of place to observe that for the larger separations (r = 6 and higher), we had to go to larger lattices to continue to gain from the multilevel scheme. We observed that on a 24 3 × 32 lattice increasing iupd even by an order of magnitude did not seem to help reduce the error on the r = 6 correlator. However going to a larger lattice (32 4 ) did help significantly. At present we do not understand this very clearly, but we suspect finite volume effects in the sub-lattice expectation values might be the reason.
Results
In our simulations we measure the Polyakov loop correlator P * P (r) where r is the sepa- ration between the two Polyakov loops. Thepotential is determined as
where T is the temporal extent of the lattice. In our analysis we look at the force between the qq-pair given by F (r) = dV (r) dr and the scaled second derivative c(r) given by c(r) = for large r which is nothing but the Lüscher term. We are interested in how this quantity approaches its asymptotic value. On the lattice these quantities are defined by
wherer andr are defined as in [31] to reduce lattice artifacts. Our results are presented in table 1.
Here there is one more point worth mentioning. Since different r values are measured in the same simulation, they are quite strongly correlated. Thus when one evaluates the differences in potentials, it helps if one evaluates the differences for each measurement and then averages over different measurements rather than the other way round. In practice we compute the difference between jackknife bins and then compute the jackknife error for the differences.
While the spatial correlation was a desirable feature in this calculation, autocorrelation is as usual not wanted. We have carefully measured these with the Polyakov loop correlator as the observable and found that heat-bath with three over-relaxation sweeps and restricting the measurement to every fifth update resulted in negligible autocorrelation. We present the results in figure 2.
Analysis of force data
Thepotential contains an unphysical constant which masks the properties of the flux tube to a certain degree. We therefore look directly at the force defined as in eq. (3.3). In figure 3 we have plotted the force as a function of 1/r 2 . We use the force to set the scale on the lattice via r 2 0 F (r 0 ) = 1.65 where r 0 is the Sommer parameter which we take to represent the physical distance of 0.5 fm. In our case the Sommer parameter turns out to be 2.93 lattice spacings. We do three different fits to the force data whose results are shown in table 2 .
First we fit to the form sx + c where x = 1/r 2 with s and c as fit parameters. From the intercept of this fit we obtain the string tension to be σa 2 = 0.1554 (1) . The slope of this line gives us the effective c(r) over this range of r and this turns out to be 0.304(3) which is still 16% away from the asymptotic value of π/12. This clearly shows that we are still some distance away from the region where the model independent leading order behaviour is all that matters.
Next we fit to the form s + cx + 3c 2 x 2 /2s which is inspired by the truncated Arvis potential. This fit gives us the string tension via s as 0.1559(1) and the effective c(r) to be 0.266(3) which within errors is almost identical to the universal value of π/12. Finally we fit to the form expected from the full Arvis potential. Within the fit range and errors, this fit is indistinguishable from the fit to the truncated Arvis potential. Unfortunately we cannot yet do an analysis of the the type envisaged in [26] where an additional coefficient in front of the 1/r 4 term can be determined by fits. Such an analysis would probably require data with significantly reduced error bars. That seems to be out of scope at the moment. What we do see is that the 1/r 3 term in the potential for open strings with fixed end boundary conditions is indeed consistent with the Arvis potential and any correction to this would have to be really small. Such a conclusion was reached by [16, 17, 18] for closed strings by analytic calculations.
We also tried to estimate the correction coming from higher terms by assuming that the first three terms are given in terms of the single parameter σ with Arvis coefficients and fit a higher term of type B/r 5 . This two parameter fit to the data points at r = 7 − 9 gave B = 2.29 ± 1.87 which is consistent with the parameter B being zero. Likewise parametrizing the higher term to be A/r 6 gave A = 18.4 ± 12.2. The main problem is that varying σ even within its error bars translates into a large uncertainty in the coefficients of the higher order terms. As such we can not draw any conclusions about them yet.
Analysis of c(r) data
In figure 4 we have plotted the scaled double derivative c(r) as a function of r. The horizontal line at c(r) = −π/12 is the asymptotic value. Also shown are the predictions of c(r) from the Arvis as well as the truncated Arvis potentials. The perturbative predictions are plotted for small values of r extending upto about 0.25 fermi.
The only other simulations of the Polyakov correlator in d = 4 SU (3) theory are by [21, 31] . To compare our results with them we have plotted their data along with ours [31] (circles in figure 4 ). While the largest lattice they considered was 18 3 × 24, we had to go to a lattice size of 32 4 to be able to go to the larger values of r. Although this increases the computational resources required by a factor of about twenty, the two extra points definitely show that the data falls quite nicely on the Nambu-Goto curve which was not so clear yet with the previous simulations.
Discussion
Though the Lüscher term can be obtained consistently in all dimensions within the framework of the Polchinski-Strominger effective string theories, initially it had seemed very unlikely to us that they would predict the 1/r 3 corrections to the potential to be the same as that of Nambu-Goto theory, something our simulations had consistently pointed to. For closed strings this has been resolved in [16, 17, 18] . According to these works, even though effective string theories are characterised by a number of free parameters (in addition to the string tension), the 1/r 3 terms in both the static potential as well as in the excited state energies are universal depending only on the string tension (and d) and in exactly the same manner as the truncated Arvis potential does. We find it interesting that the same seems to be true for the open strings also. In the Lüscher-Weisz effective string theories there are two additional parameters which contribute at this order, but with a relation between them demanded by the open-closed string duality [26] . Thus [26] concluded that in general the 1/r 3 terms depend on a single adjustable parameter only (except in d = 3). The remarkable feature of Polchinski-Strominger effective theories is that even this extra parameter is fixed.
Conclusions
In this article we have looked at how the QCD-string behaves at intermediate distances.
We see very clearly that the data approaches the prediction from the Nambu-Goto string at a distance of about 1.5 r 0 or 0.75 fermi and then follows the analytical curve quite closely. We can clearly see that the behaviour is much better described by the (truncated) Nambu-Goto string rather than the free string. We cannot really distinguish between the truncated Nambu-Goto action and the full Nambu-Goto action as the difference between the two curves is less than 1% already at 2r 0 or 1 fermi. While in effective string theories there is no reason to expect the full Nambu-Goto behaviour, at the moment we do not see any deviations from it beyond a certain distance. This simulation was performed on a comparatively coarse lattice. Existing results on finer lattices [31] have shown that for the smaller r values the results would lie above these values. If that behaviour persists for larger r values too, then the scale at which convergence with truncated Arvis potential sets in would be larger. It would be really interesting to study the continuum limit of this scale. However that is work for the future.
